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Abstract
A 2-arc in a graph X is a sequence of three distinct vertices of graph X where the +rst two and
the last two are adjacent. A graph X is 2-arc-transitive if its automorphism group acts transitively
on the set of 2-arcs of X . Some properties of 2-arc-transitive Cayley graphs of Abelian groups
are considered. It is also proved that the set of generators of a 2-arc-transitive Cayley graph of
an Abelian group which is not a circulant contains no elements of odd order. c© 2002 Elsevier
Science B.V. All rights reserved.
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1. Introduction
Throughout this paper graphs are +nite, simple and undirected. For a graph X let
V (X ), E(X ) and Aut X denote the set of vertices of X , the set of edges of X and the
group of automorphisms of X respectively. A k-arc in a graph X is a sequence of k+1
vertices v0; v1; : : : ; vk of X , not necessarily all distinct, such that any two consecutive
terms are adjacent and any three consecutive terms are pairwise distinct.
The group Aut X acts on the set of vertices V (X ), on the set of edges E(X ) and
on the set of k-arcs for any positive integer k in a natural way. If these actions
are transitive we say that X is vertex-transitive, edge-transitive or k-arc-transitive
respectively. If X is 1-arc-transitive we also say that it is arc-transitive. Note that a
disconnected graph is k-arc-transitive if and only if it is a disjoint union of isomorphic
connected k-arc-transitive graphs and trees of length less than k. When classifying
k-arc-transitive graphs it is therefore enough to consider connected ones only.
Let H be a +nite group and S ⊂ H a generating set of H with 1 ∈ S and for
any s∈ S also s−1 ∈ S. A Cayley graph of a group H with respect to the set of
generators S is denoted by Cay(H ; S) and de+ned as follows: V (Cay(H ; S)) =H and
E(Cay(H ; S))={xy|xy−1 ∈ S}. Note that Cayley graphs are connected by de+nition. For
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any h∈H the right multiplication x → xh is an automorphism of Cay(H ; S), implying
that Aut Cay(H ; S) contains a regular subgroup isomorphic to H . The converse is also
true: If the automorphism group of a connected graph X contains a regular subgroup
H , then X is isomorphic to a Cayley graph of group H with respect to some generating
set S ⊂ H . Graph which is isomorphic to a Cayley graph of a cyclic group is called
circulant.
In [1] a classi+cation of 2-arc-transitive circulants, was given.
Proposition 1.1 (Alspach et al. [1, Theorem 1:1]). A 2-arc-transitive circulant is
either a cycle, or a complete graph, or a complete bipartite graph, or the complete
bipartite graph minus a 1-factor Km;m − mK2; where m is odd.
An attempt to generalize the results of [1] was done in [3], where the classi+cation
of 2-arc-transitive Cayley graphs of Abelian groups with at most three involutions was
proposed. Some other examples of 2-arc-transitive Cayley graphs of Abelian groups
were given in [2] where certain subclass of Cayley graphs of elementary Abelian
groups were considered. However, all to the author known examples of 2-arc-transitive
Cayley graphs of Abelian groups which are not circulants are of order a power of 2.
Therefore, the following question arises.
Problem 1.2. Are there any 2-arc-transitive Cayley graphs of Abelian groups of order
n = 2k which are not circulants?
The main result of this paper is the following theorem, which might prove to be
useful in dealing with the above Problem.
Theorem 1.3. Let X = Cay(H ; S) be a 2-arc-transitive Cayley graph of an Abelian
group H. If the set of generators S contains an element of odd order, then X is a
circulant.
The proof of this theorem uses a method of Schur (see [4, Chapter IV]) which is a
powerful tool in studying permutation groups with regular subgroups. The method will
be brieIy introduced in Section 3. Some technical lemmas needed in the proof will be
carried out in Section 2. Theorem 1.3 will be proved in Section 4.
2. Preliminaries
Let X be a graph. For a vertex v∈V (X ) let Nk(v) denote the set of vertices of X
which are at distance k from v in X . In particular N (v):=N 1(v). For a pair of disjoint
subsets U and W of V (X ) we let X [U;W ] denote the bipartite subgraph of X with
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vertex set U ∪W and all edges of X with one end-vertex in U and the other in W .
The following lemmas are extracted from [3].
Lemma 2.1. Let X be a connected 2-arc-transitive graph which contains a triangle.
Then X is isomorphic to Kn.
Proof. If diameter of X is greater than 1 there are vertices u; v∈V (X ) at distance 2 in
graph X . Let w be their common neighbour. A 2-arc u; w; v has a property that its ends
are not adjacent, while the 2-arcs on a triangle do not have this property, contradicting
the fact that X is 2-arc-transitive.
Lemma 2.2. Let X be a connected 2-arc-transitive graph and let v∈V (X ). Then the
bipartite graph X [N (v); N 2(v)] is biregular.
Proof. Since X is 2-arc-transitive, both N (v) and N 2(v) are orbits of the stabilizer
(Aut X )v. The result follows.
Lemma 2.3. Let X ∼= Kn be a connected 2-arc-transitive graph of valency d ¿ 3
and let v∈V (X ). If |N (v)| ¿ |N 2(v)| then X is isomorphic either to Kd;d or to
Kd+1;d+1 − (d+ 1)K2.
Proof. By 2.2 we know that graph X [N (v); N 2(v)] is biregular. Let x denote the va-
lency of a vertex u∈N 2(v) in graph X [N (v); N 2(v)]. Then
(d− 1)|N (v)|= x|N 2(v)|6 x|N (v)|
and thus d− 16 x 6 d.
If x=d, each vertex of N 2(v) is adjacent to every vertex in N (v) and X is isomorphic
to Kd;d. If x = d − 1, each vertex of u∈N 2(v) is adjacent to every vertex in N (v)
but one, implying that any two vertices u1; u2 ∈N 2(v) have a common neighbor in
N (v). If u1 and u2 are adjacent, X contains a triangle and, by 2.1, X is isomorphic
to Kn. Thus every vertex u∈N 2(v) has a neighbor in N 3(v). Let w∈N 3(v). Because
of 2-arc-transitivity any two vertices at distance 2 in graph X have the same number
of common neighbors. Since |N (v) ∩ N (u)| = d − 1 for any u∈N 2(v) we have also
|N (w)∩N (s)|=d−1 for any s∈N (v). By letting s run through N (v) we conclude that
w is adjacent to every vertex in N 2(v), implying that X is isomorphic to Kd+1;d+1 −
(d+ 1)K2:
Lemma 2.4. Let X = Cay(H; S) be a 2-arc-transitive Cayley graph of an Abelian
group H. If X is not isomorphic to Cn or Kn, then its girth is 4.
Proof. As X ∼= Cn, we can choose s1; s2 ∈ S such that s2 = s1; s−11 and therefore
(0; s1; s1s2; s2; 0) is a 4-cycle in X . If X contains a 3-cycle then by 2.1, X ∼= Kn:
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3. Schur rings
Let H be a group and R a commutative ring with identity. The group algebra RH
of H over R is the set of formal sums
∑
h∈H ahh, where ah ∈R, equipped with two
binary operations:∑
h∈H
ahh+
∑
h∈H
bhh=
∑
h∈H
(ah + bh)h ;
(∑
h∈H
ahh
)(∑
k ∈H
bkk
)
=
∑
h;k ∈H
(ahbk)(hk) :
If we de+ne a scalar multiplication by

∑
h∈H
ahh=
∑
h∈H
(ah)h ;
the set RH becomes to be an R-algebra. We need to de+ne one more operation in RH .
For m∈Z let(∑
h∈H
ahh
)(m)
=
∑
h∈H
ahhm :
Elements
∑
h∈H ahh∈RH , where ah ∈{0; 1} for each h∈H , are called simple quan-
tities and are also written as T, where T ={h|ah=1}. A subalgebra S of RH is called
a Schur ring if it satis+es the following conditions:
(1) As an R-module S is generated by simple quantities T0;T1; : : : ; Tr , where T0 =
{1}, Ti ∩ Tj = ∅ for i = j, and
⋃r
i=0 Ti = H ;
(2) S is closed under operation T → T (−1).
Suppose G is a permutation group on a set A and H its regular subgroup. Fix
an element a∈A and de+ne a map $ :H → A by $(h) = ah. Map $ is clearly a
bijection which allows us to de+ne an action of G on the set H by hg:=$−1(ahg).
Note that subgroup H 6 G acts on itself by right multiplication. The actions of G
on A and H are equivalent. Let {1}= T0; T1; : : : ; Tr be the orbits of the stabilizer G1
of the identity element 1∈H . The R-submodule R(G1;H) 6 RH spanned by simple
quantities T0;T1; : : : ;Tr is called a transitivity module of the permutation group G1
with respect to H . The following theorems holds.
Theorem 3.1 (Wielandt [4], Theorem 24:1). The transitivity module R(G1;H) is a
Schur ring.
Theorem 3.2 (Wielandt [4], Theorem 23:9). Let the coe;cient ring R be the ring of
integers Z and let S be a Schur ring over an Abelian group H. If m is an integer
prime to |H |, then Schur ring S is closed under operation T → T (m).
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4. The proof of Theorem 1.3
Let H be a +nite Abelian group with identity element 1 and an operation written
multiplicatively. Suppose X = Cay(H ; S) is a connected 2-arc-transitive Cayley graph
of group H . Let G = Aut X and G1 the vertex stabilizer of point 1∈V (X ). Since G
contains a regular subgroup isomorphic to H , we know by [4, Theorem 24.1] that the
transitivity module S = Z(H ;G1) is a Schur ring. Because of 2-arc-transitivity of X ,
we have that S = N (1) and T = N 2(1) are orbits of G1 and so S;T∈S.
Suppose that s∈ S is of odd order r. By the Dirichlet theorem on primes there exists
a prime p of the form p = 2 + kr (k an integer) satisfying p¿ |H |. If X is not a
circulant, the girth of X equals 4 (see Lemma 2.4) and thus the element sp=s2(sr)k=s2
belongs to T . On the other hand the quantity S(p) =
∑
z∈ S z
p by [4, Theorem 23.9]
belongs to S, implying that S(p) =∪z∈ Szp is a union of orbits of G1. Since it contains
an element of T , it contains a whole T as a subset. Because p¿ |H | the cardinality
of S(p) and S are the same, showing that |T | 6 |S|. By (2.2) graph X is then a
circulant.
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